Multipath effect is the main factor of deteriorating target detection performance in low grazing angle scenario, which results from reflections on the ground/sea surface. Amplitudes of the received signals fluctuate acutely due to the random phase variations of reflected signals along different paths; thereby the performances of target detection and tracking are heavily influenced. This paper deals with target detection in low grazing angle scenario with orthogonal frequency division multiplexing (OFDM) radar. Realistic physical and statistical effects are incorporated into the multipath propagation model. By taking advantage of multipath propagation that provides spatial diversity of radar system and frequency diversity of OFDM waveform, we derive a detection method based on generalized likelihood ratio test (GLRT). Then, we propose an algorithm to optimally design the transmitted subcarrier weights to improve the detection performance. Simulation results show that the detection performance can be improved due to the multipath effect and adaptive OFDM waveform design.
Introduction
Target detection and tracking in low grazing angle scenario is one of the most challenging problems in radar community [1] . Multipath effect is the main problem when detecting targets in low grazing angle scenario. Amplitudes of received signals fluctuate acutely due to random phase (which is decided by differential path length, wavelength, and characteristics of reflected surface [2] ) variations between different paths; thereby the detection performance is deteriorated. Currently, researches on multipath effect are mainly focused on two aspects: suppressing multipath and utilizing it [3] . From another point of view, multipath echoes also contain target energy and the detection performance may be enhanced if the energy from multipath reflections is accumulated.
Orthogonal frequency division multiplexing (OFDM) was originally proposed as a digital modulation technique in communication fields. Later on, it was introduced into radar community [4] . As a new broadband radar signal, OFDM signal advances in high spectral efficiency, low probability of intercept, and frequency diversity [5] [6] [7] . An adaptive technique to design the spectrum of OFDM was proposed in [8] by incorporating the scattering coefficients of the target at multiple frequencies and the results showed that the wideband ambiguity function (WAF) was improved due to the adaptive waveform design. Similar OFDM waveform design method can also be found in [9, 10] .
Focusing on the issue of target detection in urban environment, an optimized detection algorithm based on OFDM radar was proposed in [11, 12] . The results demonstrated that the detection performance was improved by utilizing multipath reflections. However, the proposed signal model was idealistic and only considered specular reflections. The problem of target detection in multipath scenarios was reformulated as sparse spectrum estimation, where the spectral parameters of OFDM radar signal are optimized to improve the detection performance using multiobjective optimization (MOO) technique [13, 14] . The performances of generalized likelihood ratio test (GLRT) detector with OFDM radar in non-Gaussian clutter (log-normal, Weibull, and Kcompound) were investigated in [15] , where target fluctuations were also taken into consideration. Consequently, detection performance may be enhanced with OFDM radar in low grazing angle scenario by utilizing multipath reflections.
When detecting target in low grazing angle scenario, radar measurements are affected by many factors, such as ever-changing meteorological conditions in the troposphere, Earth's curvature, and roughness of ground/sea surface [16] . All these factors will affect the detection performance and, therefore, these factors should be taken into consideration to make the signal model more realistic. This paper deals with target detection in low grazing angle scenario with OFDM radar. To make the propagation model more accurate, refraction of the lower atmosphere and the Earth's curvature are taken into consideration, and the multipath propagation model is modified accordingly. Based on the characteristics of OFDM radar, we derive a GLRT detector in Gaussian clutter environment. Then a waveform design method which optimizes the transmitted subcarrier weights is proposed to improve the detection performance. Finally, the performance of the proposed detector is analyzed and discussed via simulation experiments.
Modified Multipath Propagation Model
Multipath effect is one of the main problems when detecting and tracking target in low grazing angle scenario. The echo signals received by radar receiver not only include direct signals but also include indirect signals. Thus, the received signals are the sum of reflected signals along different paths and the amplitudes fluctuate acutely due to the random phase variations, which deteriorates the performances of target detection and tracking. Generally speaking, signals reflected more than twice will be attenuated heavily, which can always be neglected.
The representative scenario of multipath propagation in low grazing angle is shown in Figure 1 . Target locates at a distance from the radar. The source is assumed to be a narrowband signal, which can be represented as [16] 
where , , and denote the amplitude, angular frequency, and initial phase, respectively. In the presence of multipath, the received signals consist of two components, namely, the direct and indirect signals. Direct signal is given by
and the indirect signal is
In (3), is the complex reflection coefficient and is the total length of indirect path. For first-order reflected signals, = 1 + 2 + and, for second-order reflected signals, = 2( 1 + 2 ). Received signal can be represented as
where Δ = −2 . In (4), the amplitudes of received signals are dependent on the factor ( +(2 / )Δ ) , which includes the effects of complex reflection coefficient , wavelength , and path difference Δ .
In normal atmospheric conditions, the pressure decreases exponentially with height, which causes a reduction in the refractivity with respect to height. Under this condition, a radio ray will diffract downward [17] . Furthermore, in maritime environment evaporation duct effect may be produced due to the strong humidity gradients above (within first few meters) the air-sea boundary [18] , which makes a radio ray bend downward with a curvature more than the Earth's radius. The effect is dependent on a few factors such as temperature difference between the air and sea, and the wind speed [19] .
In addition to the atmospheric effects, low grazing angle propagation is also affected by the fact that the Earth is curved. The curvature of the Earth decreases the path length difference between the direct and reflected waves, and it also reduces the amplitudes of the reflected waves [19] . This problem is usually dealt with by replacing the Earth with an imaginary flat Earth whose equivalent radius is
where 0 is the radius of actual Earth and / ℎ is the refractivity gradient. For standard atmosphere, −79 ≤ / ℎ ≤ 0 N-units/km [19] .
Considering all the factors mentioned above and based on ideal propagation model described in Figure 1 , modified multipath propagation model is shown in Figure 2 . The height of radar and target is ℎ and ℎ , respectively. The ground distance separated by radar and target is . ℎ and ℎ are the modified heights corresponding to radar and target over flat-Earth model. 1 is the ground distance between radar and the reflected point and is the grazing angle.
In order to calculate complex reflection coefficient in (4), we have to solve the grazing angle and Δ first. These variables are all related to 1 , which can be evaluated using the following cubic equation [20] : Then we solve ℎ and ℎ by
Meanwhile, we can get 1 = 1 / and 2 = ( − 1 )/ . Using law of cosine yields
Finally, the grazing angle is given by
The complex reflection coefficient can be calculated by [20] 
where Γ (],ℎ) is vertical polarization or horizontal polarization reflection coefficient for a plane surface, is the divergence factor due to a curved surface, and is root-mean-squared (RMS) specular scattering coefficient which represents the roughness of surface.
is determined by frequency, complex dielectric constant, and grazing angle , which can be calculated by [21] 
for vertical polarization and
for horizontal polarization, where is complex dielectric constant which is given by = / 0 − 60 . / 0 is relative dielectric constant of the reflecting medium and is its conductivity.
When the electromagnetic wave is incident on the surface of the Earth, due to the slight differences in each incident ray, the reflected wave is diverged and the reflected energy is defocused. When this happens, radar power density will be reduced. If the grazing angle is not large, divergence factor can be approximated by [21] 
Due to the reflection of rough surface, two components will be generated: a diffuse component and a coherent component with reduced magnitude. The reduction in the magnitude of the coherent component brought about by reflections from a rough surface is related to the grazing angle and the signal wavelength, which is [21] 
where
.42 + 0.0468 otherwise (15) and is the surface roughness factor defined as = / . is the RMS of reflection surface and / denotes the roughness of reflected surface. The larger / is, the more roughness the surface will be. For smooth surface, / is approximated to be zero.
Substituting (11)- (15) into (10), we can get the complex reflection coefficient . At the same time,
can be evaluated which is the impact of multipath propagation on signal model.
Measurement Model of OFDM Radar
We consider a monostatic radar employing an OFDM signaling system. The transmitted signal can be described as
where 0 , , and represent the carrier frequency, pulse number, and pulse repetition interval (PRI), respectively. ( ) is the complex envelop of a single pulse which is given by
where 
For the sake of keeping orthogonality between different subcarriers, the subcarrier spacing Δ and time duration of a single pulse should satisfy Δ = 1. The total bandwidth is = Δ . Assuming that the received signals contain different paths and the roundtrip delay corresponding to th path is , = 0, 1, . . . , − 1. The received signal is
where = 1 + accounts for the stretching or compressing in time of the reflected signal and = 2⟨k, u ⟩/ represents the Doppler spreading factor corresponding to th path; k and u are the target velocity and unit direction of arrival (DOA) vector; is the propagation speed. Substituting (16) into (19) , the received signal after demodulation is denoted by
Then substituting (17) into (20), we obtain
where represents the complex scattering coefficient of target corresponding to th carrier and th path. 0 is the roundtrip delay corresponding to the range cell under consideration. The relative time gaps between different paths are very small compared to the actual roundtrip delay, which means ≈ 0 for = 0, 1, . . . , −1.
and = 0 + Δ . Equation (22) can be written into matrix form
vector that represents output of the th pulse,
(ii) W = diag(w) is an × complex diagonal matrix that contains transmitted subcarrier weights, (10),
Then concatenating all temporal data into × matrix the OFDM measurement model in low grazing angle is
is an × complex matrix that contains Doppler information over pulses. E = [e(0), e(1), . . . , e( − 1)] is an × complex matrix that consists of clutter returns.
In low grazing angle scenario, the clutter is usually modeled as compound-Gaussian model which is the product of speckle and texture [22] . The speckle is fast-changing and modeled as a complex Gaussian process while the texture is slow-changing and modeled as a nonnegative process [23] .
In this paper, the correlation length of the texture is assumed to be on the order of seconds and we only consider one coherent processing interval (CPI) which is assumed to be 60 ms. Due to the long correlation time of texture, it is considered to be constant within each CPI, changing according to a given probability density function (PDF) from one CPI to the next. Thus conditioned on a given value of the texture, the clutter is simplified to Gaussian distribution. However, this simplification is not justified when predicting the clutter's behavior in time intervals larger than a CPI, such as clutter cancellation and constant false alarm rate (CFAR) detection.
Thus, we assume that the clutter is temporally white and circularly zero-mean complex Gaussian process with unknown positive definite covariance C. The measurements over different pulses are supposed to be independent, which means
where ⊗ denotes Kronecker product. Accordingly, the OFDM measurements are distributed as
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Detection Test
In low grazing angle scenario, received signals are the sum of signals along different paths, which form the complicated measurements. The essence of detection is to judge whether a target is present or not in the range cell under test. This is a classical two-hypothesis detection problem. Therefore, we construct a decision problem to choose between two possible hypotheses: the null hypothesis (target-free hypothesis) and the alternate hypothesis (target-present hypothesis), which can be expressed as
The measurements Y in two hypotheses are distributed as
According to the classical target detection theory, Neyman-Pearson (NP) detector is the optimal detector which maximizes the probability of detection at a constant probability of false alarm. However, the target velocity k and clutter covariance C are unknown, and GLRT detector is used instead where the unknown parameters are replaced with their maximum likelihood estimates (MLEs). The formulation of GLRT is [24] 
where (Y | H 1 ) and (Y | H 0 ) are the likelihood functions under H 1 and H 0 , respectively. is the threshold that the detector is compared with.X andĈ 1 are the MLE of X and C under H 1 whileĈ 0 is the MLE of C under H 0 .
Definition 1. If the random matrix Y( × ) is distributed as a matrix variate normal distribution (MVND) with mean
M( × ) and covariance Ω ⊗ Σ, we use the notation Y ∼ CN , (M, Ω⊗Σ) and the probability density function (PDF) is given by [25] (Y)
where tr(⋅) is the trace of matrix. Ω and Σ are positive definite covariance matrices over the column and row of Y. Ω is an × matrix and Σ is an × matrix which are defined as [25] 
(33) According to the above descriptions, we can derive PDFs of the measurements under two hypotheses:
The log-likelihood function of (35) is
Taking derivative of (36) with respect to C 1 and making it equal to zero, the MLE of C 1 iŝ
Substituting (37) into (36) yieldŝ
Usually, the scattering matrixX does not yield a closeform MLE expression. However, noting that X has a blockdiagonal structure, it turns out to be a block-diagonal growth curve (BDGC) problem. Reference [26] derived the approximate maximum likelihood (AML) estimator for X which is given bŷ
vecb(⋅) and ⊛ denote block-diagonal matrix vectorization operator and generalized Khatri-Rao product [27] , respectively, Π Φ and Π ⊥ Φ are orthogonal projection matrix of Φ(k), and (⋅)
− represents generalized inverse of matrix (e.g., a generalized inverse of matrix S is defined as S − such that SS − S = S) [27] .
The log-likelihood function of (34) is
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Taking derivative of (41) with respect to C 0 and making it equal to zero, we get MLE of C 0 :
Substituting (34), (35), (37), and (42) into (31), the GLRT detector is
Since target velocity k is unknown, it can be estimated throughk = arg max k GLR(k) and the GLRT detector becomes
(44)
Adaptive Waveform Design
In this section, we develop an adaptive waveform design method based on maximizing the Mahalanobis-distance to improve the detection performance. Since the target scattering coefficients vary with different subcarriers, we may change the transmitted weights W accordingly. From (30) we know that the measurement Y is distributed as CN , (WXΦ(k), C ⊗ I ) under H 1 hypothesis and CN , (0, C ⊗ I ) under H 0 hypothesis. The squared Mahalanobis-distance is used to distinguish the above two distributions. It is noticeable that the column of Y is uncorrelated, which means that the measurements between different pulses are independent. The sum of squared Mahalanobisdistance over different pulses is given by [28] 
where is a positive number and denotes the weight of Mahalanobis-distance over the th pulse, satisfying ∑ −1 =0 = 1. To maximize the detection performance, we can formulate the optimization as
subject to w w = 1.
The scattering coefficients are constant from pulse to pulse and the measurement noise is uncorrelated between different pulses; thus is a constant number; that is, = 1/ for = 0, 1, . . . , − 1. Since
the following theorem [11] is used to simplify the above equation:
where a ∈ C and A = diag(a). ⊙ denotes element-wise Hadamard product. Combining (47) and (48), we get
From (49) we know that the optimization problem is reduced to eigenvalue eigenvector problem and w opt is the eigenvector corresponding to the largest eigenvalue of
Numerical Results
In this section, several numerical examples are presented to illustrate the performance of proposed detector. For simplicity, we consider 2D scenario as shown in Figure 2 . The simulation parameters are shown in Table 1 . We use Monte Carlo simulations to realize the following results for the analytical expression between false alarm rate and threshold cannot be acquired. The relation between probability of false alarm rate and detection threshold corresponding to different carrier numbers is shown in Figure 3 . The curves show that when false alarm rate is kept fixed, 
Pulse number 30
Pulse repetition interval 2 ms the higher the subcarrier number, the higher the threshold. Signal-to-noise ratio (SNR) is defined as [11] 
The effect of multipath number on the detection performance is shown in Figure 4 , where the path number is set as = 1 and = 3. Figures 4(a) and 4(b) show versus SNR with different fa s and versus fa when SNR is fixed to −20 dB, respectively. The curves show that the detection performance is improved with the increasing of multipath number. Consequently, the derived detector with OFDM waveform could exploit multipath reflections to enhance the detection performance.
In Figure 5 , we analyze the effect of subcarrier number on the performance of proposed detector, where the subcarrier number is set as = 1, 3, and 5, respectively. Figures 5(a) and 5(b) show versus SNR when fa = 10 −3 and versus fa when SNR is fixed to −20 dB, respectively. The detection performance is improved with the increasing of subcarrier number. The results demonstrate that the detection performance is improved due to the frequency diversity in an OFDM radar system. Figure 6 shows that the detection performance varies with the target height, which is set as 200 m, 400 m, and 600 m, respectively. Figure 6(a) shows versus SNR when fa = 10 −3 while Figure 6 (b) shows versus fa when SNR is fixed to −20 dB. The results demonstrate that detection performance decreases with the increasing of target height in low grazing angle scenario. This can be explained that as the target height increases, the grazing angle gets larger and the complex reflection coefficient over indirect paths becomes smaller which is shown in Figure 7 . Thus, the detection performance deteriorates.
In Figure 8 , we analyze the effect of varying the directions of target velocity vector on the detection performance. received signal will increase. Thus the detection performance is improved.
In Figure 9 , we show the detection performance improvement due to the adaptive waveform design. Figure 9(a) shows versus SNR when fa = 10 −3 while Figure 9 (b) shows versus fa when SNR is fixed to −20 dB. We assume that the transmitted waveform in the first pulses has equal weights; that is, w = 1/ √ I. Then, based on (49), we compute w opt for the next pulses. As is shown, compared with fixed waveform, the detection performance is improved due to the adaptive waveform method proposed in this paper. Finally, to validate our method in non-Gaussian scenarios, we conduct additional experiments using compound Kdistribution, whose PDF is [29] and the texture follows a gamma distribution with PDF
where Γ(⋅) is the Eulerian gamma function, (⋅) is the unit step function, and V−1 (⋅) is the modified Bessel function of second kind with order V − 1. and V are the scale and shape parameter, respectively. The speckle component is assumed to be a Gaussian distribution with exponential correlation structure covariance matrix [30] :
where is one-lag correlation coefficient. The other parameters are the same as in Table 1 . Figure 10 shows the detection performance with different path numbers ( K-distribution clutter and Figure 11 shows the detection performance with fixed and adaptive waveform design in Gaussian and compound K-distribution clutter. We find that, in compound K-distribution, the detector derived under Gaussian assumption also yields improved performance by taking advantage of multipath effect and adaptive waveform design of OFDM radar. However, the performance gap exists due to the model mismatch.
Conclusions
In this paper, we address the problem of target detection in low grazing angle scenario with OFDM radar. We consider the realistic physical and statistical effects to make the propagation model more realistic. Based on the characteristics of OFDM signal, we develop a GLRT detector and show that detection performance is improved due to the multipath utilization and frequency diversity of OFDM radar. Then an adaptive waveform design method based on Mahalanobis-distance is proposed and the detection performance is improved due to the optimized transmitted frequency weights. Finally, we show that the GLRT detector derived under Gaussian assumption yields improved performance in compound K-distribution clutter due to the multipath utilization and adaptive waveform design. However, the performance gap exists and we will extend our work to more general situations in the future work.
